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1. TNTR~DUCTI~N 
The purpose of this paper is to study the strong asymptotic convergence 
as t + +cc of the solutions of, 
u’(t) + Au(t) + G(u)(t) sf( t) t>o 
u(0) = 240. 
(1.1) 
Here A is a maximal monotone (possibly multivalued) operator defined on 
a subset D(A) contained in a real Hilbert space H, U,,E D(A), 
f E L’(0, + co; H) and G( -) is a given mapping 
G:C([O, +co):D(A))-,L,‘,,([O, +co):H). 
Problems of the type ( 1 .l ) have been considered by many authors (see, for 
example, [S, 131) both from the point of view of the existence theory and 
for the asymptotic properties of the solutions (see [3-5, 7, 11, 121). 
In particular, we mention Crandall and Nohel [8], in which the authors 
treat the above problem in connection with the study of a related Volterra 
equation. 
Throughout this paper we will refer to [S], for the necessary existence 
theory concerning ( 1.1). Recently Aizicovici [7] proved, that under some 
suitable hypotheses on A and G( .), it is possible to deduce nice asymptotic 
results which are the natural analogs of the evolution case (i.e., G( .) I 0). 
In this paper we will continue the study initiated by Aizicovici, proving 
that, if the operator A satisfies some additional conditions, namely the con- 
vergence condition of Pazy [6] (see Definition (2.1) below), then the boun- 
ded solutions to (1.1) converge strongly as t --+ +co to an equilibrium of A. 
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As a consequence of the method of proof, we obtain, in some cases, strong 
convergence of the solutions of a related Volterra equation, answering 
partially a question posed in [9]. 
This paper is organized as follows: Section 2 describes the notations and 
contains some definitions and known results. Section 3 contains the main 
results and some examples. Finally in Section 4 we discuss some possible 
applications to a class of convolution Volterra equations. 
2. PRELIMINARIES AND NOTATIONS 
Let H be a real Hilbert space with scalar product ( , ) and norm 11 I(. 
Let A be a maximal monotone (possibly multivalued) operator defined on 
a subset D(A) c H. 
As usual, we will put [x, y] E A oy E Ax, and we shall denote by F the 
(possibly empty) set 
F={xEH:OEAX}. 
We will denote by P the projection onto F. Finally if U: [0, + co [ + H, we 
shall indicate by w(u) (the w-limit set of u), i.e., 
w(u)= {pi H: jr,+ +co: lim u(t,)=p}. 
r,- +m 
For background material concerning maximal monotone operators the 
reader is referred to [ 1, 21. 
Concerning the initial value problem (1.1 ), we recall the following 
existence result (see [7, 81 for the precise meaning of strong (generalized) 
solution). 
PROPOSITION 2.1 [7,8]. Let 
G:C([O, +a):D(A)+L,‘,,([O, +oo):H) 
be a given mapping and assume that: 
(i) There exists y E L,‘,,,( [0, + co) : R) such that for every u, u E 
C([O, +co):D(A)) and tER+, 
(ii) For each TE (0, + co ) there exists 
UT: co, +m)--+ [o, +a) 
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such that if u E C( [0, T) : D(A)) is of bounded variation and I!uI\ Lr(O,T;Hj < R 
then, 
var(G(u) : [0, t]) < a,(R)( 1 + var(u: [0, t] 0 d t d T) 
IIG(u)(O+ )I1 da,(R). 
Then, 
(a) For each u,ED(A) and f E BV,,,(O, + co; H), (1.1) has a unique 
strong solution defined on [0, + co). 
(b) For each u,ED(A) andfEL,‘,,([O, +m): H), (1.1) has a unique 
generalized solution defined on [0, + 00). 
Throughout this paper we will always assume that G( .) satisfies (i)-(ii) 
of Proposition 2.1, hence that (1.1) has a strong or generalized solution, 
which we will denote by u. 
In order to study the asymptotic behavior as t -+ +KJ of u, we introduce 
the following. 
DEFINITION 2.1 [6]. A maximal monotone operator A on H satisfies 
the convergence condition if 
(i) f’fqi 
(ii) For every sequence [x,,, y,,] EA such that 1Ix,,ll, Ily,,II d C and 
lim ( y,, , -Y,, - Px,,) = 0 
,I 
we have 
lim inf d(x,, , F) = 0. 
?1 
DEFINITION 2.2 [6]. A maximal monotone operator A on H satisfies 
the uniform convergence condition with gauge function p( .) if 
(i) F#B. 
(ii) There exists a measurable function p: R+ --* R+ such that 
lim, p(s,,) = 0 = lim,I inf s,, = 0 and V[x, y] E A, 
For significant examples of operators satisfying the hypotheses of 
Definition (2.1) or (2.2) see [6]. 
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Following Aizicovici [73, we will also assume throughout this paper 
that, 
(G,) For every U, ZIEC([O, +co):D(A)) and every T>O we have 
s ’ (G(u)(s) - G(u)(s), u(s) - u(s)) ds > 0 0 
(G,) There exists k, EL’([O, +co) : R) (i= 1,2) such that for every 
z(t) = z E D(A) 
IIG(z)(t)ll d ~~(t)llzll + b(f) 
(G3) f~L’([0, +a): H). 
3. STRONG CONVERGENCE OF THE SOLUTION 
In this section we will prove the main result of this paper, namely the 
strong convergence as t + +co of the solution at (1.1). We need a 
preliminary result, whose proof, can be obtained using the same ideas as 
in [7]. 
PROPOSITION 3.1. Let A he a maximal monotone operator on H. Let u be 
the strong (or generalized) solution of (1.1). Assume that 
6) F+(Zl 
(ii) (G,) - (G,) hold. 
Then UEL=([O, +a): H). 
If in addition to the above hypotheses we assume that 
(G4) There exists $ E L’( [0, + co) : R) such that for every J? E F and 
O<s<tc +cc we have 
1’ (G(u)(o) - G(B)(a), u(a) -P) da 3 j-’ $(a) do. .\ , 
Then, there exists p E F such that 
1 ’ 
u’ lim - I r-+lst 0 
u(s) ds =p 
and 
lim Pu( 2) = p. 
r-1 +m 
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Remark 3.1. The reader may notice that in general it is not known if 
the statement concerning the weak convergence of the Cesaro mean (l/t) 
j& U(S) ds, and the strong convergence of Pu(t) as t + +co, holds, without 
supposing a condition like (G4). 
The main result of this section is the following: 
THEOREM 3.1. Let A be a maximal monotone operator on H satisfying 
the convergence condition. Let u be the strong solution of 
u'(t)+ Wt)+G(u)(t)=f(t), W(t)~Au(t)’ 
u(O)=u, 
(3.1) 
Suppose that (G,)-(G,) hold. If there exists CY E [ 1, + cc ] such that 
WEL~([O, +a): H), (3.2) 
then there exists p E F such that 
lim u(t) = p. 
r- +oo (3.3) 
Proof. We will give the proof of (3.3) only in the case u = +co, since 
for 1 d c1< +co the argument is similar. Since u is a strong solution of (3.1) 
and WELT, it follows that the set 
C= {to [0, +a[ : W(t)~Au(t): II W(t)ll d II Wll.=} 
is not empty and p(C) = +a~. 
Let us define 
H(t) = (W(f), u(t) -P), tez, (3.4) 
where p = lim,, +n3 Pu(t).’ 
We claim that HE L’(C; R+). Indeed, by the monotonicity of A we have 
O<H(t)= (f(t)-u'(t)-G(u)(t),u(t)-p) 
=(fth uw-P)-;$ Il~(~)-Pl12 
- (G(P)(~), u(f) -P) - (G(u)(t) - G(P)(~), u(t) -P). (3.5) 
’ If u is a strong solution of (l.l), we known that there exists WE Au: (3.1) holds a.e. on 
co, +wc- 
2 Note that this limit exists by virtue of Proposition 3.1. 
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Taking into account that UE L”( [0, + cc): H), by virtue of 
Proposition 3.1, and using (G,)-(G,) we get 
s H(s)ds,<A jo+* Ilf(s)ll ds+BJltrn k,(s)ds+jo+~ k,(s)ds, (3.6) z 
which easily gives the claim. 
Therefore there exists a sequence (t,) E C such that 
lim t,= +cc 
n 
and 
lim H( t,,) = 0. 
,* (3.7) 
Clearly we have also that 
(Wt,,L 4f,,) - Pu(tn)) = Wt,) + (Wt,), P-MY,)), 
which implies, by using (3.7) and lim, Pu( t) = p, 
lim (W(t,,), a-&4(t,))=O. 
n (3.8) 
Applying the convergence condition with x, = u(t,) and y, = W(t,), we 
obtain (observe that (t,) E Z implies I/ W(t,)ll Q (I WI1 Lz) 
lim infllu(t,) - Pu(t,)ll = 0. (3.9) 
Now, using the monotonicity of A and (G4), we find, for every p E F and 
o<s<t< +cm, 
; iuWdll*<; IlWlI*+~’ IIf(G(p)(o)ll Il4a)-PII ds s 
+ j’ IrCl(a)l da. 5 
(3.10) 
Using the fact that P( .) is the projection onto F, we also know that for 
every O<sdt< sco we have 
II4t) - Wf)ll G II4t) - Ms)ll. (3.11) 
Substituting fi= I%(s) in (3.10) and using (3.11) together in (G,) we find 
; lb(t) - ~~(~N2 <; IIu(s) - Pu(s)ll* + j-’ et(o) da + j-’ /$(a)1 da. (3.12) I s 
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where a( .) is a suitable L’-function such that 
IIf - G(fWs))(t)ll d 4th O<s<t. 
Hence the function 
F(t)=; Ilu(r)-Pu(t)l12--SgiC((IT)dri-loi It+b(o)l da (3.13) 
is bounded and nonincreasing. 
Combining this fact with (3.9) we conclude that 
lim 1124(t)--PPu(t)ll =O. (3.14) 
,- +nL 
Taking into account that Pu(t) -+p, we easily obtain (3.3). 
Remark 3.1. The preceding proof shows that if in the assumptions of 
Theorem 3.1 we replace (G,) with “F is compact,” then O(U) # @. 
Remark 3.2. In the statement of Theorem 3.1 we have assumed that u 
is a strong solution of (3.1). However it can be proved that a similar result 
holds if we deal with generalized solutions. In this case, to achieve the 
proof one may use the same approximation procedure as in [9]. We will 
omit the easy details. 
It is clear, from the proof of Theorem 3.1, that a crucial condition order 
to apply the “convergence condition” is to verify (3.2). There are various 
cases in which (3.2) holds (see Section 4 for some examples). 
However, in some concrete examples, a condition like (3.2) may be hard 
to verify. A trivial example for which (3.2) holds, is “A locally bounded” 
(i.e., A maps bounded sets into bounded sets), but this is not interesting if 
we deal with differential operators. To overcome this difficulty we suppose 
now that (3.2) is not necessarily satisfied. We need the following. 
DEFINITION 3.1. Let A be a maximal monotone operator on H. Then A 
satisfies the condition (a) if 
(a) there exists a continuous function a: R+ x R+ -+ IX+ such that for 
every [.x, y], [a, j] EA we have 
l(i, y)+(x, $)I d4l.a ll-Al){(x~ y)+@‘, ?)I. 
Remark 3.3. Condition (a) is satisfied in many cases. For example if A 
is odd (i.e., A(x)= -A( -x)) VxeD(A)), or if A = ~34, where 
$:H+]--co, +co] is a proper 1.s.c. convex function such that 
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4(x) 2 LX& -x) for every x E D(4) and some 0 < a 6 1. For other examples 
we refer to [lo]. 
THEOREM 3.2. Let A be a maximal monotone operator on H. Suppose 
that 
(i) A satisfies condition (a). 
(ii) A satisfies a uniform convergence condition with gauge function 
p( .) (see Definition 3.2). 
(iii) (G,)-(G,) hold. 
Then the strong (or generalized) solution of 
u’(t)+Au(t)+G(u)(t)sf(t) 
u(0) = ug 
(3.15) 
converges strongly as t --+ +oo to a point of F. 
Proof. We will give the proof in the case in which u is a strong solution. 
Since we have, 
W(t)=f(t)-u’(t)-G(u)(t)EAu(t) 
0 E APu(t), 
an application of condition (a) gives 
I( Wth Wt))l 6 w  Wt), u(t)) (3.16) 
where ~=s~~,a(llu(t)ll, IIWtIll). 
Using the uniform convergence condition on A, together with 
obtain for t > 0, 
(3.15) we 
P(llu(t) - Pu(t)ll) G (Wt), u(t) - fvt)) Q CM+ I)( w(t), u(t)) . (3.17) 
Using this fact, by proceeding exactly as in the proof of Theorem 3.1 we 
conclude that the function 
H(t) = (w(t), u(t)), 
belongs to L’( [0, + 00): R), hence 
t > 0, 
t + PMt) - fwt)ll) 
belongs to L’( [0, + 00); W). 
We easily conclude the proof by observing that for the properties of p( . ), 
we can use the same procedure as in the final part of Theorem 3.1. 
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Remark 3.4. The above proof shows that if A satisfies (ii) of 
Theorem 3.2 and F = {p}, then O(U) # 4, even if wedo not assume (a) and 
(GA. 
To show this, it suffices to observe that the function 
t-P(llu(t)-PII), F= {P) 
belongs to L’( [0, + co), [w), and that this fact is independent of conditions 
(a) and (G4). Such observations enable us to tell that if further (G4) holds, 
then lim, l/u(t)-pI[ =O, since (G4) implies the existence of lim, Ilu(t) -pI( 
(see (3.14)). A simple application of Theorem 3.2 and Remark 3.4 gives 
PROPOSITION 3.2. Let A be a maximal monotone operator on H. Assume 
that (G,)-(G,) hofd. Let u be the strong (or generalized) solution of (3.14). 
Then there exists lim, u(t) =p, provided one of the following conditions is 
satisfied: 
(i) A - al is monotone for some a > 0. 
(ii) 0 E int Ap for some p E D(A). 
(iii) A is linear o-angle bounded with closed range. 
The proof of Proposition 3.2 is a consequence of the fact that in any of 
the cases (i), (ii), or (iii) A satisfies a uniform convergence condition with a 
suitable gauge function (see [6]). Case (i) or (ii) is a consequence of 
Remark 3.4, while (iii) follows from the fact that A is linear, hence satisfies 
condition (a). 
4. SOME SIMPLE REMARKS ON VOLTERRA EQUATIONS 
The aim of this section is to present some possible applications of the 
abstract results proved in Section 3 to a class of Volterra equations in 
Hilbert spaces. Let H be a real Hilbert space with scalar product (.) and 
norm 11 11. Let A be a maximal monotone operator on H. Consider the 
Volterra equation 
u(t)+j’b(t-s)Au(s)dssg(t), t > 0, 
0 
Suppose that 
u(0) = 2.40 = g(0). 
b E W,‘;:( CO, + 00) : [w), b(0) = 1; 
b(t) = b, + B(t), b,>O; 
B, B’, B”eL’([O, +a): [w); 
B is a kernel of positive type; 
(4.1) 
(4.2) 
(4.3) 
(4.4) 
(4.5) 
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where &( iv) = Jo+ 3c exp( - iqt) B(t) dt, 
g(t) = g,. + F(t), g, E H and FE W/;‘,( [0, + co ) : H); (4.7) 
gE W,‘,$([O, +m): H, g’EL’([O, +a))nL2([0, +a): H), 
g(O) E WA 1. 
(4.8) 
It is well knonw (see [5 or 81) that (4.1) is equivalent to the following 
functional differential equation 
u’(t)+Au(f)+G(u)(t)sf(t) 
40) = g(O), 
(4.9) 
where G(u)(t) = (k * u)‘(t) (k( .) being the resolvent kernel associated to 
-h’, i.e., k + h’ * k = -h’) and f= g’ + G(g). Under the hypotheses 
(4.2)-(4.8) we know that there exists a unique strong or (generalized) 
solution defined on [0, + cc [ (see [S] for details). 
An application of Theorem 3.1 gives 
PROPOSITION 4.1. Let 4: H --+ ] - CG, + CC] he a proper 1s.~. convex 
function such that 
F= {x~H:O~a#(x)}#0 (4.10) 
(I + &b) ~ ’ is compact. (4.11) 
Suppose that (4.2)-(4.8) hold. Let u he the strong (or generalized) solution of 
u’(t) + &b(u) + (k * u)‘(t) 3f(t) 
u(0) =g(O) = ug. 
(4.12) 
Then 
(i) 4~) Z 0. 
(ii) Zf (G4) holds, there exists PE F: lim, u(t) =p. 
Proof: Under hypotheses (4.10)(4.11) we known (see [6]) that A =&j 
satisfies the convergence condition. In order to apply Theorem 3.1 we have 
only to verify that (G,)-(G,) and (3.2) hold, but this is the case by virtue 
of (4.2)-(4.8) (see [IS]). Then, (i) is a consequence of Remark 3.4, while (ii) 
is exactly the claim of Theorem 3.1. 
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Another situation which is covered by our abstract result is the 
following: Let A be a maximal monotone operator on H. Consider 
u’(t)+Au(t)+(k*u)‘(t)3f(t) 
40) = uo, uoED(A), 
(4.13) 
where 
(i) k: [0, +oo[ +R+ is bounded nonincreasing and belongs to 
L’(0, + co; lR+ ). 
(ii) f~ L’( [0, + cc) : H). 
It is well known (see [9]) that under hypotheses (i)-(ii) that there exists a 
unique strong (or generalized) solution of (4.13). 
The following results partially answer a question raised in [9, 
Remark (2)(ii), p. 7911. 
PROPOSITION 4.2. If A satisfies the convergence condition and (i)-(ii) 
hold, then the unique bounded solution qf (4.13) converges strongly to a point 
of F, provided (I+ A)-’ is compact. 
Proof: The proof is an easy consequence of Remark 3.1 and Lemma 2 
of [9] (observe that the verification of (G,)-(G,) is standard). Indeed, 
since in this case (3.2) holds with LX = +co,~ an application of Remark 3.1 
gives 
o(u) z d. (4.14) 
Using the fact that, 
Vp E F: 3 lim Ilu(t) -pI( 
I 
(which holds true by [9, Lemma 2]), together with (4.14) we conclude the 
proof. 
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